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Two methods for compressed data processing (e.g. random access, pattern matching):

 Naive: Decompress all data for each query and process it using standard algorithms.

 Faster: Make a compressed index in advance and process queries using it.
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 Compression performance and query capability have a trade-off.

 Highly compressive schemes tend to resist linear-size indexing.
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We focus on the relationship between LZ compression and grammar 
compression:

 Compression Performance: LZ compression is better (both in practical and 
in theoretical)

 Compressed Indexing:
 Grammar Compression supports linear-space indexing and 𝑂(log 𝑛)-time 

random access.

 For LZ, no linear-space indexing have been proposed

→ Goal: Combine LZ-style compression with grammar-like indexing.

𝑛 : input string length 
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[Ziv and Lempel, 1977] 

Represents data via a sequence of factors (LZ factors):

1. A single literal character

2. A copy of a previous substring
Copy 3 characters from position 2 
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[Kieffer and Yang, 2000] 

Represents data using a Context-Free Grammar (CFG) with:

1. A set of terminals Σ, and a set of non-terminals 𝒳

2. Production rules 𝑅 = 𝑋௜ → 𝑒𝑥𝑝𝑟௜ ∣ 𝑋௜ ∈ 𝒳

3. Start symbol 𝑆 ∈ 𝒳



7 

LZBE: A restricted LZ factorization where each copy factor refers 
to consecutive previous factors.

 Both the beginning and end of the factor source are aligned with 
factor boundaries
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1. Relationship between other compression methods

2. 𝑂(log 𝑛)-time random access index for LZBE

3. Linear-time computation of greedy LZBE

4. A lower bound between greedy/optimal LZBE

etc.

𝑛 : input string length 
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 Two restricted LZ variants: LZ-Begin
and LZ-End [Kreft and Navarro, 2013] 

 LZBE is a more restricted variant 
and supports 𝑂(log 𝑛) time random 
access using a linear-space index.
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Method 

Difficult LZ Comp. 
Not known ✓ LZ-Begin 

𝑂(logଷ 𝑛 log 𝑛) ✓ LZ-End 
𝑂(log 𝑛) ✓ ✓ LZBE 
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≤ 

Method: Grammar Decomposition [Rytter, 2003]

Replace non-leftmost occurrences of a nonterminal symbol with a phrase 
pointing to the interval corresponding to the leftmost occurrence.

 The resulting LZ size ≤ original grammar size.

 The resulting LZ factorization is an LZBE factorization.
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We showed that LZBE size ≤ grammar size.

Question: Can LZBE be asymptotically 
smaller than grammar?

 We want to know whether such a family 
of strings exists.
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This theorem implies that LZBE is asymptotically more powerful than 
grammar compression.

 For any string:              |the smallest LZBE| ≤ |the smallest grammar|

 For a specific string:     |the greedy LZBE| ≪ |the smallest grammar|

For an arbitrarily large 𝑚, there exists a string 𝑇 of length Θ 𝑚ଶ  where: 

• The size of greedy LZBE of 𝑇 : Θ 𝑚  

• The size of the smallest grammar of 𝑇 : Ω 𝑚𝛼 𝑚  

Theorem 

𝛼 𝑥 : the inverse Ackermann function 
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Proof outline: reduction from ORPP

• 𝑥ଵ, … , 𝑥௠ ∈ 𝑋௠, ranges 𝑙ଵ, 𝑟ଵ , … , 𝑙௠, 𝑟௠  

• Output: 𝑞௜ = ⨂ 𝑥௝ 
௥೔
௝ୀ௟೔

1 ≤ 𝑖 ≤ 𝑚  

(⊗ : a semigroup operation on 𝑋 ) 

Known lower bound: Requires Ω 𝑚𝛼 𝑚  semigroup operations for 

some inputs. [Chazelle and Rosenberg, 1991]

Off-line Range Product Problem
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For  an ORPP instance, 𝑥ଵ, … , 𝑥௠ ∈ 𝑋௠, 𝑙ଵ, 𝑟ଵ , … , 𝑙௠, 𝑟௠ , construct a 
string 𝑇 as follows:

𝑇 = 𝑥ଵ ⋯ 𝑥௠$ଵ𝑄ଵ$ଶ𝑄ଶ$ଷ ⋯ $௠𝑄௠$௠ାଵ

𝑄௜ = 𝑥௟೔
⋯ 𝑥௥೔

 1 ≤ 𝑖 ≤ 𝑚

Example: sequence is 1,2,3,4  and queries are 2, 3 , 1, 3 , 2, 4 , [3, 4]:

𝑇 = 1234  $ଵ 23  $ଶ 123  $ଷ 234  $ସ 34  $ହ

$௜ : 区切り文字 

𝑄ଵ 𝑄ଶ 𝑄ଷ 𝑄ସ 
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𝑄ଵ 𝑄ଶ 𝑄ଷ 𝑄ସ 

1 3 2 4 $ଵ 2 3 $ଶ 1 2 3 $ଷ 2 3 4 $ସ 3 4 $ହ 𝑇 = 

 Compute semigroup 
values for all nonterminals
bottom-up.

 Answer all queries using 
the corresponding 
nonterminals.

𝑄ଵ 

𝑄ଶ 𝑄ଷ 

𝑄ସ 
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 Grammar Size: An ORPP instance can be solved using 𝑂 𝑔 semigroup 
operations when the grammar size is 𝑔.

However, the problem has a lower bound Ω 𝑚𝛼 𝑚 .
→ There exist inputs whose smallest grammar size is Ω 𝑚𝛼 𝑚 .

 LZBE size: The greedy factorization has size 𝑂(𝑚).

→ The sizes of the smallest grammar and the greedy LZBE 
factorization differ asymptotically. 
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 Similar to an existing random access index for grammar compression
[Bille et al., 2015] 

 Combining heavy path decomposition and interval biased search trees

 A simple adaptation is impossible, because an LZBE factor may refer 
to many consecutive factors.

 We maintain a global IBST representing all factors, and precompute 
constant number of pointers for each source interval.
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We proposed LZBE compression:

 Restricted LZ compression

 Supporting 𝑂 log 𝑛 time random 
access

 Better compression performance 
than grammar compression in 
theory
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