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Closed Strings 118

Definition 1: Border and Closed Strings

A substring of w that appears as both a proper prefix and a
proper suffix of w is called a border of w.
Astringis closed when its longest border appears exactly twice.

Closed
a baabbabaa




Closed Strings 118

Definition 1: Border and Closed Strings

A substring of w that appears as both a proper prefix and a
proper suffix of w is called a border of w.
Astringis closed when its longest border appears exactly twice.

Not Closed
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Maximal Closed Substring 2118

Definition 2: Maximal Closed Substrings

A closed substring is left-maximal (resp. right-maximal) if extending it to
the left (resp. right) by one character gives a non-closed string.
A closed substring that is both left-maximal and right-maximal is called a

maximal closed substring (MCS).
alabadabajcd MCS
alabadaba c/d Rightextension
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Closed Repeats 31s

Definition 3: Closed Repeats
Two occurrences of the same string form a closed repeat if

1. No other occurrence starts between them.
2. Extending both to the left by one character breaks equality.
3. Extending both to the right by one character breaks equality.

We call a repeat satisfying condition 1, 2, or 3 consecutive, left-maximal, or
right-maximal, respectively.

ababcbabdbab
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Closed Repeats 31s

Definition 3: Closed Repeats
Two occurrences of the same string form a closed repeat if

1. No other occurrence starts between them.
2. Extending both to the left by one character breaks equality.
3. Extending both to the right by one character breaks equality.

We call a repeat satisfying condition 1, 2, or 3 consecutive, left-maximal, or
right-maximal, respectively.

alb ab clbalbdbalb
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MCSs and Closed Repeats s

Property 1: Correspondence

MCSs are in one-to-one correspondence with closed repeats.
Specifically, the two occurrences of the longest border of an MCS form the

corresponding closed repeat.

alb abcbab dbab

babcbab is an MCS
bab is a closed repeat




Previous Work 5is

[Badkobeh et al., 2026] and [Kosolobov 2024] established the following results:

m Astring of length n contains O(nlogn) MCSs, and this bound is tight.

e The number of left-maximal (resp. right-maximal) closed
substrings is also O(nlogn).

= Computing all MCSs and closed repeats offline in O(nlogn) time.

Our Goal
Maintain the set of MCSs online in O(nlogn) total time.



Online Computation 618

m We reverse the text so that each new character is prepended.
= We compute right-maximal consecutive repeats (RMCR) rather than
MCSs directly.
» Existing repeats remain consecutive and right-maximal after
prepending a character.
o We also track each RMCR’s left-maximality to maintain MCSs.
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Characterization of RMCRs 7

Observation 1

For each RMCR created by prepending c to w:
1. The left occurrence is a prefix of cw.
2. Theright occurrence is the leftmost occurrence in w.
3. Extending this prefix to the right changes its leftmost occurrence in w.
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Suffix Trees

8/18

We consider the suffix tree of the input string w.

m Each vertex stores the position of its
leftmost occurrence.
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Updating the Suffix Tree

9/18

Prepending c to w adds a new leaf for cw to the

suffix tree.
We compute new RMCRs when adding this leaf.
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Computing New RMCRs

10/18

Observation 2

New RMCRs are in one-to-one correspondence
with vertices on the path from the root to the
new leaf whose labels differ from those of their
children on the path.
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Computing New RMCRs

10/18

Observation 2

New RMCRs are in one-to-one correspondence
with vertices on the path from the root to the
new leaf whose labels differ from those of their
children on the path.

We want to efficiently enumerate these nodes
on the path.
Remark

Inthe worst case, enumerating all vertices on the
path takes ©(n) time for each leaf insertion.




Classifying Suffix Tree Edges 118

We classify suffix tree edges as follows:

m Heavy Edge: connecting nodes with
the same label.

m Light Edge: connecting nodes with
different labels.

Each new RMCR corresponds to an upper endpoint
of a light edge on the root-to-new-leaf path.
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Changing Edge Types

12/18

After computing new RMCRs, we update the
edge types as follows:

= Each edge on the root-to-leaf path
becomes heavy.

m Each heavy edge branching off this path
becomes light.

mUOmUO



Changing Edge Types

12/18

After computing new RMCRs, we update the
edge types as follows:
= Each edge on the root-to-leaf path
becomes heavy.

m Each heavy edge branching off this path
becomes light.
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Changing Edge Types

12/18
After computing new RMCRs, we update the
edge types as follows:
= Each edge on the root-to-leaf path
becomes heavy.

m Each heavy edge branching off this path
becomes light.

Important Observation
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Link-Cut Trees

13/18

A dynamic tree data structure
that classifies edges as heavy
or light and represents:
m Each maximal heavy path
by a splay tree.
e It consists of vertices
with the same label.

m Each light edge by an

edge connecting splay
trees.




Updating Link-Cut Trees 14718

Update the heavy paths and
their splay trees:
= Split off the parts outside
the root-to-new-leaf path.
= Join the treestoforma
single splay tree
representing the path.
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Updating Link-Cut Trees

14/18

Update the heavy paths and
their splay trees:

= Split off the parts outside
the root-to-new-leaf path.

= Join the treesto form a
single splay tree
representing the path.

Complexity

We can update a link-cut tree in

amortized O(logn) time per op-
eration.



Link-Cut Suffix Trees (LCSTs) 15718

LCST: A suffix tree represented by a link-cut tree.

Updating the LCST and Computing RMCRs:

1. Add a new leaf corresponding to the new string cw.
o O(logmin{o,n}) C O(logn) time (Weiner’s algorithm)

2. Update the underlying link-cut tree while recording the light edges

on the root-to-new-leaf path.

e amortized O(logn) time per operation (LCT time bound)

3. Compute the corresponding RMCRs from the recorded light edges.
e amortized O(logn) time per operation (from the LCT time bound)



Computing Closed Repeats and MCSs .

Each closed repeat corresponds to a left-maximal RMCR.
= Each new RMCR is left-maximal because its left occurrence is a prefix.

m A closed repeat corresponding to a prefix may lose left-maximality
when a new character is added.
e There are O(nlogn) checks in total, and each check takes
constant time.

m Other closed repeats do not lose left-maximality.



Computing Closed Repeats and MCSs .

Each closed repeat corresponds to a left-maximal RMCR.
= Each new RMCR is left-maximal because its left occurrence is a prefix.

m A closed repeat corresponding to a prefix may lose left-maximality
when a new character is added.
» There are O(nlogn) checks in total, and each check takes
constant time.

m Other closed repeats do not lose left-maximality.

Main Theorem
We can maintain closed repeats online in O(nlogn) total time.

Since closed repeats are in one-to-one correspondence with MCSs,
we can also compute MCSs online in O(nlogn) total time.



Other Applications 1718

Link-cut suffix trees can be viewed as an online data structure that
maintains the position of the most recent occurrence of each substring.

Applications:

= Most Recent Match: Find the most recent occurrence of a patternin a
text that grows by appending characters.

m Rightmost LZ Factorization: A variant of LZ factorization that uses the
rightmost occurrence as the copy source.

Although both problems already have efficient solutions [Larsson, 2014;
Sumiyoshi et al., 2024] and LCSTs do not improve their time bounds, LCSTs
offer a general and relatively simple approach.



Conclusion 1o/

m We introduce an online algorithm for computing MCSs
that runs in O(nlogn) total time.
» We can also compute closed repeats using their one-to-one
correspondence with MCSs.
m Our algorithm is based on link-cut suffix trees, a simple
combination of suffix trees and link-cut trees.

m LCSTs have other applications, such as most recent match
and rightmost LZ factorization.



